We study a topological phase transition between a normal insulator and a quantum spin Hall insulator in twodimensional (2D) systems with time-reversal and two-fold rotation symmetries. Contrary to the case of ordinary time-reversal invariant systems where a direct transition between two insulators is generally predicted, we find that the topological phase transition in systems with an additional two-fold rotation symmetry is mediated by an emergent stable two-dimensional Weyl semimetal phase between two insulators. Here the central role is played by the so-called space-time inversion symmetry, the combination of time-reversal and two-fold rotation symmetries, which guarantees the quantization of the Berry phase around a 2D Weyl point even in the presence of strong spin-orbit coupling. Pair-creation/pair-annihilation of Weyl points accompanying partner exchange between different pairs induces a jump of a 2D Z2 topological invariant leading to a topological phase transition. According to our theory, the topological phase transition in HgTe/CdTe quantum well structure is mediated by a stable 2D Weyl semimetal phase since the quantum well, lacking inversion symmetry intrinsically, has two-fold rotation about the growth direction. Namely, the HgTe/CdTe quantum well can show 2D Weyl semimetallic behavior within a small but finite interval in the thickness of HgTe layers between a normal insulator and a quantum spin Hall insulator. We also propose that few-layer black phosphorus under perpendicular electric field is another candidate system to observe the unconventional topological phase transition mechanism accompanied by emerging 2D Weyl semimetal phase protected by space-time inversion symmetry.
Introduction.− Symmetry protected topological phases have become a quintessential notion in condensed matter physics, after the discovery of time-reversal invariant topological insulators [1] [2] [3] and topological crystalline insulators [4] . Although the importance of symmetry to protect bulk topological properties is widely recognized, relatively little attention has been paid to understand the role of symmetry for the description of topological phase transition (TPT). Early studies on this issue have focused on time-reversal T and inversion P , and have shown that the nature of TPT in T -invariant threedimensional (3D) systems changes dramatically depending on the presence or absence of P symmetry [5] . Namely, when the system has both T and P symmetries, a direct transition between a normal insulator (NI) and a Z 2 topological insulator is possible when a band inversion happens between two bands with opposite parities. Whereas in noncentrosymmetric systems lacking P , the transition between a NI and a topological insulator is generally mediated by a 3D Weyl semimetal (WSM) phase in between. The intermediate stable semimetal phase can appear when the following two conditions are satisfied. Firstly, the codimension analysis for accidental band crossing at a generic momentum should predict a group of gapless solutions. Secondly, a gapless point in the semimetal phase should carry a quantized topological invariant guaranteeing its stability.
Contrary to 3D, in two-dimensions (2D), the codimension analysis [6] predicts that there always is a direct transition be- * Electronic address: bjyang@snu.ac.kr tween a NI and a quantum spin Hall insulator (QSHI) even in noncentrosymmetric systems (See Fig. 1(a) ). The reason is that, in a generic 2D system with a single tuning parameter m (representing pressure, doping, etc.), an effective 2 × 2 Hamiltonian describing band crossing depends on three independent variables (k x , k y , m) including two momenta k x and k y . To achieve a band crossing, however, since the coefficients of three Pauli matrices associated with the effective 2 × 2 Hamiltonian should vanish by adjusting three variables, only a single gap-closing solution can be found. This unique gap-closing solution describes the critical point for a direct transition between two gapped insulators. The absence of a stable semimetal phase mediating the transition between two insulators is consistent with the fact that a gap-closing point does not carry a topological invariant in a generic T -invariant 2D system in the presence of spin-orbit coupling.
In this Letter, we show that the TPT between a NI and a QSHI is always mediated by an emerging 2D Weyl [7] Normal Insulator
Topological
Insulator Semimetal semimetal (See Fig. 1(b) ), when a T -invariant noncentrosymmetric 2D system is invariant under two-fold rotation C 2z about an axis perpendicular to the 2D plane. The intermediate 2D WSM is stable due to the π Berry phase around a Weyl point (WP), which is quantized even in the presence of spin-orbit coupling. Here the central role is played by the so-called space-time inversion I ST which is nothing but the combination of T and C 2z , i.e., I ST = C 2z T . Since I ST ensures the quantization of the Berry phase around a 2D WP, the transition between an insulator and a WSM is accompanied by pair-creation and pair-annihilation of 2D WPs. Moreover, partner exchange between pairs of WPs can induce the change of the Z 2 topological invariant, thus the 2D WSM can mediate a TPT. We propose two candidate materials where the unconventional TPT mediated by a 2D WSM can be realized. One is the HgTe/CdTe quantum well where inversion is absent intrinsically [9] [10] [11] [12] and the TPT can be controlled by changing the thickness of the HgTe layer. We expect that there can be a finite thickness window where a stable 2D WSM appears between a NI and a QSHI. Also we propose that the unconventional TPT can be observed in few-layer black phosphorus under vertical electric field.
Band crossing in systems with I ST .− C 2z transforms a spatial coordinate (x, y, z) to (−x, −y, z). Since the z-coordinate is invariant under C 2z , for a layered 2D system with a fixed z, C 2z can be considered as an effective inversion symmetry mapping (x, y) to (−x, −y). Thus, in 2D systems, I ST = C 2z T transforms a space-time coordinate (x, y, t) to (−x, −y, −t). In momentum space, on the other hand, it is a local symmetry since the momentum k = (k x , k y ) remains invariant under I ST . As discussed in Ref. 8 , I ST has various intriguing properties. For instance, since Berry curvature F xy (k) transforms to −F xy (k) under I ST , F xy (k) vanishes locally unless there is a singular gapless point, which guarantees the quantization of π Berry phase around a 2D WP. Moreover, since I 2 ST = +1 irrespective of the presence/absence of spin-orbit coupling, it does not require Kramers degeneracy at each k. This can be contrasted to the case of P T , satisfying (P T ) 2 = −1 (+1) in the presence (absence) of spin-orbit coupling. Especially, when (P T ) 2 = −1, Kramers theorem requires double degeneracy at each k. Since Berry phase is not quantized in this case, a Dirac point is unstable [13] .
Here we show that I ST also modifies the gap-closing condition in an essential way, leading to an unconventional TPT. Since each band is nondegenerate at a generic momentum k in noncentrosymmetric systems, an accidental band crossing can be described by a 2 × 2 matrix Hamiltonian H(k) = f 0 (k, m) + i=x,y,z f i (k, m)σ i where σ x,y,z indicates the two bands touching near the Fermi level and m describes a tuning parameter such as electric field, pressure, etc. Since I ST is antiunitary, it can generally be represented by I ST = U K where U is a unitary matrix and K denotes complex conjugation. By choosing a suitable basis, one can obtain I ST = K as shown in Supplemental Materials. Then the I ST symmetry requires H * (k) = H(k), which leads to
Accidental gap-closing can happen if and only if f x = f z = 0. Since there are three independent variables (k x , k y , m) whereas there are only two equations f x = f z = 0 to be satisfied, one can expect a line of gapless solutions in (k x , k y , m) space, which predicts an emerging 2D stable semimetal (See Fig. 1(b) ). Near the critical point m = m c1 where accidental band crossing happens, the Hamiltonian can generally be written as
which describes a gapped insulator (a 2D WSM) when m < m c1 (m > m c1 ) assuming A > 0. Due to T symmetry, accidental band crossing happens at two momenta ±k. Since two WPs are created at each band crossing point, the WSM has four WPs in total. Moreover, when m becomes larger than m c1 , four WPs migrate in momentum space, and eventually, they are annihilated pairwise at m = m c2 . Interestingly, when pair-annihilation/pair-annihilation is accompanied by partnerswitching between WP pairs, the two gapped phases mediated by the WSM should have distinct topological property as shown below.
Change of Z 2 invariant via pair-creation/pair-annihilation of 2D WPs.− The Z 2 invariant ∆ of a T -invariant 2D system can be written as [14] 
where P T (k x ) is the time-reversal polarization of a Tinvariant one-dimensional (1D) subsystem connecting two time-reversal invariant momenta (TRIM) with given k x = 0, π. For instance, Fig. 2(a) shows T -invariant 1D subsystems passing two TRIMs with k x = 0 or k x = π, respectively. For such a 1D subsystem, P T is defined as
where P ρ = P I + P II is the charge polarization, and P I and P II are the partial polarization associated with the wave function u I n (k) and its Kramers partner u II n (−k) ∝ T u I n (k) where n labels occupied bands. Namely,
can also be written as a summation of Wannier function centers such as P j=I,II = n j R, n|r|R, n j using the Wannier function |R, n j = dk 2π e −ik(R−r) |u j n (k) [14] [15] [16] . In general, P ρ can take any real value, modulo an integer, whereas P T is an integral quantity whose magnitude is gauge dependent. Thus in a generic 1D T -invariant system, among P T , P ρ , 2P
I , none of them can serve as a topological invariant.
However, in the presence of additional C 2z symmetry, 2P I = P T + P ρ becomes a Z 2 topological invariant [17] . Namely, 2P
I becomes quantized and gauge-invariant modulo 2 when I ST exists. Since C 2z makes P I to take a quantized value, either 0 or 1 2 modulo an integer, 2P
I naturally becomes a Z 2 quantity. 2P
I is also proposed as a Z 2 topological invariant in a T -invariant 1D system with mirror symmetry in Ref. 24 . Now let us explain how the pair-creation/pair-annihilation of 2D WPs can change the Z 2 invariant ∆ given by In an insulating phase, since the Chern number of the whole system is zero, one can choose a continuous gauge in which
where EBZ indicates the effective half-Brillouin zone bounded by two T -invariant 1D systems defined above, and we have used that Berry curvature F (k) = 0 due to I ST . Thus the change of ∆ is simply given by δ∆ = δ 2P I (π) − δ 2P I (0) . Since 2P I is a topological invariant, it can be changed only if an accidental gap-closing happens in the relevant 1D T -invariant subsystem. In the process shown in Fig. 2(b) where 2D WPs pass through the 1D subsystem with k x = 0, we have
where C is a closed loop encircling one WP shown in Fig. 2(c) . Since a 2D WP has π-Berry phase, δ∆ = 1 (δ∆ = 0) if C encloses an odd (even) number of WPs. Hence the Z 2 invariant ∆ can be changed by 1 via partner exchange between two pairs of 2D WPs. Model Hamiltonian.− To demonstrate the unconventional TPT, we construct a simple model Hamiltonian, a variant of Bernevig-Hughes-Zhang (BHZ) model, which is originally proposed to describe QSH effect in a HgTe/CdTe quantum well [25, 26] . The BHZ model is defined on a square lattice in which each site has two s-orbitals |s, ↑ , |s, ↓ and two spinorbit coupled p-orbitals |p x + ip y , ↑ , |p x − ip y , ↓ . Nearestneighbor hopping between these four orbitals gives a tightbinding Hamiltonian given by
where cos k x − cos k y ], and the Pauli matrices σ x,y,z (s x,y,z ) denote the orbital (spin) degrees of freedom. H BHZ describes a QSHI (a NI) when 0 < M 2B < 2 ( M 2B < 0). The TPT can also be understood from the energy eigenvalues of H BHZ ,
The energy gap closes when three equations d 1 = d 2 = d 3 = 0 are simultaneously satisfied, which uniquely determines the three variable
H BHZ is invariant under inversion P = σ z , four-fold rotation about z axis C 4z = (σ z + is z )/ √ 2, two-fold rotation about x, y axis C 2x = iσ z s x , C 2y = is y , and time-reversal T = is y K. However, the real HgTe system lacks P and C 4z while retaining their product P C 3 4z ≡ S 4 symmetry as well as T , C 2x , C 2y , and C 2z = C 2 4z . In fact, once P is absent, a constant term λσ y s y is allowed. Then the resulting Hamiltonian H HgTe (k) = H BHZ (k) + λσ y s y is invariant under T , C 2x , C 2y , C 2z , and S 4 . The energy eigenvalues of
. Since gap-closing requires only two conditions, d Fig. S6 , we plot the evolution in the shape of two loops which describe the momenta satisfying d Only when these two loops overlap, the band gap closes at the momentum where two loops touch, thus the system becomes a WSM. We find that, when
, two loops overlap at eight points indicating an emergent WSM having 8 WP. Here
).
Discussion.− The unconventional TPT mediated by a WSM can generally occur in any 2D noncentrosymmetric system with I ST symmetry. Similar to the BHZ model including an inversion breaking term, we have found that the Kane-Mele model on the honeycomb lattice including Rashba coupling also undergoes a TPT mediated by a 2D WSM when uniaxial strain is applied (See Supplemental Materials). Among real materials, we propose few-layer black phosphorus as an another candidate system since its band gap can be controlled by electric field breaking inversion [29] . Although there are several theoretical proposal for possible TPT in this system [30] [31] [32] , the unconventional mechanism we propose has never been discussed. In fact, a recent experiment [33] has shown that the band gap of this system can be controlled by doping potassium on the surface, thus the insulator-semimetal transition can be realized. Also the presence of 2D WPs in the semimetal phase is observed in a first-principles calcu- lation [34] . We expect, when stronger electric field is applied to the WSM phase, even a QSHI can be obtained. For confirmation, we have studied a tight-binding model describing black phosphorus under vertical electric field, and have shown that the unconventional TPT can occur. (See Supplemental Materials for details.) Since the presence of C 2z with broken inversion is the only requirement to realize the novel TPT, the same phenomenon may occur in various 2D materials with C 2z such as the puckered honeycomb structure of arsenene, antimonene, bismuthene [35] , the dumbbell structure of germanium-tin, stanene [36] , and the bismuth monobromide [37] , etc. We conclude with the discussion about electron correlation and disorder effects on the TPT. Although 2D WSM is perturbatively stable against weak interaction, sufficiently strong interaction can induce nontrivial physical consequences. For instance, a phase breaking T symmetry is proposed to appear between a NI and a QSHI due to interaction [38] . Especially, at the critical point between the WSM and an insulator, since the energy dispersion becomes anisotropic, i.e., linear in one direction and quadratic in the other direction (See Eq. (2)), the density of states shows D(E) ∝ √ E with the energy E, contrary to D(E) ∝ E in the WSM with linear dispersion in two directions. Such an enhancement of D(E) makes the electron correlation and disorder to cause nontrivial physical consequences. For instance, a recent renormalization group study [39] has shown that quantum fluctuation of anisotropic Weyl fermions makes the screened Coulomb interaction to have spatial anisotropy, which eventually leads to marginal Fermi liquid behavior of low energy quasi-particles. Also, in the presence of disorder, a disorder-induced new semimetal phase can appear between the insulator and WSM [40] . Un-derstanding the interplay of electron correlation and disorder is an important problem, which we leave for future study.
SI 1. DERIVATION OF IST = K
In this section, we show that I ST can be expressed as the complex conjugation K via a unitary transformation of the basis . Since space-time inversion is antiunitary, in general, it can be written as
where U ST is a unitary operator. From the property I 2 ST = 1 we see that U ST is symmetric. Then U ST can be written in the form of
where M is real and symmetric. The unitary part of spacetime inversion transform as
under the change of basis |n → U |n , which fol-
Since M is a real symmetric matrix, it can be diagonalized by an orthogonal transformation of basis. In general,
.., e iλ N for N bands after the change of basis. The phases λ 1 , ..., λ N can be erased by a phase rotation U = diag e −iλ1/2 , ..., e −iλ N /2 so that we have U ST = 1. As I 2 ST = 1 holds for both spinless and spinful systems, the conclusion of this section does not depend on the existence of spin degrees of freedom. The 2N × 2N non-abelian Berry connection A and Berry curvature F are defined by
and
where n, m = 1, ..., 2N are the band indices. The matrix elements A nm and A nm are considered three dimensional vectors in this definition of Berry curvature while the momentum k lives in a two-dimensional space. The U (1) part of the non-abelian Berry connection, i.e., the abelian Berry connection which is just called the "Berry connection" in many cases, is written in italic letter.
Consider a gauge transformation
where U mn (k) = u mk |U (k)|u nk . The non-abelian Berry connection and curvature transform under the gauge transformation as
which follows from their definition.
The transformation of U (1) part is then found after taking trace over the above transformations.
B. Berry Connection under C2z, T , and C2z * T Symmetries
Consider the case where both C 2z and T symmetry is present. Sewing matrices B and D are defined as
(S14)
They are unitary matrices because T and D are (anti)unitary operators which preserves the norm of wavefunctions. We see explicitly that
Using T 2 = (C 2z ) 2 = −1 and unitarity of B and D matrices,
Thus we have
T and C 2z relates the non-abelian Berry connections at time-reversal momenta.
The space-time inversion I ST is the combination of C 2z and T .
Unitarity and the following relations also follow from that of B and D.
The above relations can be derived noting that
. C 2z * T gives a constraint on the non-abelian Berry connection which is a combination of T and C 2z constraints.
The U (1) part of the Berry connection satisfies
combining the above two. The Berry connection is locally a pure gauge, and thus the Berry curvature is trivial.
C. Gauge transformation of the sewing matrices B, D, and G Consider a gauge transformation
Left and right hand side of each of the equation
is then expressed in the new basis as
so that we have
We have found the transformation of B and D matrices.
From this we find the gauge transformation of G matrix. We show here that 2P I is a topological invariant of a 1D subsystem with T and C 2z symmetries where T 2 = (C 2z ) 2 = −1. First, we show it is quantized to an integer. In a timereversal invariant one-dimensional system, we can define the time-reversal polarization
which is gauge dependent, but quantized to an integer. [14] In the presence of C 2z symmetry, the charge polarization P ρ is also quantized.
because det D(Γ i ) = 1 at any TRIM Γ i due to Kramers pairs having eigenvalue pairs i and −i under D.
Thus 2P I is quantized to an integer. 
where Tr (I) is a partial trace over |u I αk for all α, θ I = α θ I α , and the winding number dθ I 2π is an arbitrary integer. Thus 2P I is U (1) invariant mod 2. Invariance under non-abelian gauge transformation can be seen from the expression
presented by Fu and Kane [14] . The abelian Berry connection is manifestly invariant.
, the Pfaffian part is also invariant.
This invariant 2P I was first noted by Lau, van den Brink, and Ortix [24] as a topological invariant of the topological mirror insulator where T 2 = M 2 = −1. Notice that the two-fold rotation C 2z reduces to a mirror operation on any time-reversal invariant 1D subsystem.
B. Strategy of the Proof
We calculate the change of Z 2 invariant due to movements of Weyl points by using the formula
where P T (0) (P T (π)) is the time-reversal polarization of a TRI 1D system passing through the two TRIM points with
In an insulating phase, we can have a continuous gauge as Chern number in the whole BZ is zero.
In the gauge, we have
where F = 0 from the spacetime inversion symmetry. EBZ is the effective Brillouin zone of a time-reversal system which is a half Brillouin zone with TRI 1D systems at k x = 0 and k x = π as its boundary. Thus the Z 2 invariant is expressed as a partial polarization pump
in a continuous gauge when the spacetime inversion symmetry is present. The two times partial polarization will change only if the TRI 1D system closes a gap since it is a topological invariant. From now on, we will prove that when two Weyl point whose position in BZ is related by time-reversal cross the TRI 1D system, 2P I changes by one so that partner exchange of Weyl points leads to a change of Z 2 invariant. Such crossing occurs even number of times in a partner preserving process so that the Z 2 invariant does not change. [See Fig. S1(a,b) .]
C. Change of the partial polarization at the gap closing
We take a time-reversal invariant 1D systems avoiding pair creation and annihilation as in Fig. S1 . The gauge is chosen so that the wavefunction is discontinuous only at the singularities. It is possible because there is no Berry curvature punching out singularities. In this gauge, we can use the expression
The time-reversal invariant curve C f can be deformed adiabatically to the C i line after Weyl points pass through. [See Fig. S1(c) .] Thus we calculate the change of (two times) partial polarization by the crossing of Weyl points as the difference of it between the curve C i and C f .
where C i,f /2 is the k y > 0 part of the curve C i,f , we used the single-valuedness of the sewing matrix B at Γ and Y points in the fourth line, and used the property of Weyl points at the last line. We have now proven that the Z 2 invariant changes through a partner exchange. Here we present an alternative proof of the change of Z 2 invariant due to the pair change of Weyl points. This proof starts by embedding the 2D BZ of our system into a 3D BZ of a system with the same symmetry, C 2z and T . After a suitable embedding, the proof goes by following the analysis of Murakami et al. [5] . Let k z = 0 plane of the 3D BZ be the 2D BZ of our system. The 2D Weyl points will be lifted into 3D Weyl points rather than a line node in general because there is no protection of π Berry flux out of the C 2z * T invariant plane, i.e., out of the k z = 0 or k z = π plane. In fact, we can choose an embedding to get 3D Weyl points. Next, consider the deformed time-reversal invariant two-dimensional system illustrated as the orange sheet in Fig. S2 . In this construction, a Weyl point passes through the EBZ of the orange sheet. This change the Z 2 invariant of the orange sheet as claimed by Murakami et al. [5] and it will be proved explicitly below. The sheet can be adiabatically deformed into k z = 0 before/after the creation/annihilation of Weyl points. Thus the change of Z 2 invariant of the 2D system at k z = 0 is the same as the Z 2 change of the orange sheet, and the proof ends.
B. Explicit Proof of the Claim by Murakami and Kuga
For completeness, we prove the statement in Phys. Rev. B 78, 165313. In the paper, the authors claimed that the Z 2 invariant of a 2D TRI BZ changes when a Weyl point pass through its EBZ, noting that the Berry flux of the half-BZ determines Z 2 invariant (up to some extra term) as proved by Moore and Balents [18] . The extra term is the Berry flux of the extended part which is added to make EBZ closed, i.e., homotopically equivalent to a sphere. It is not obvious why the extra term does not contribute to the Z 2 change without having analytic expression of it. An explicit proof has not been presented anywhere while the statement is believed to be valid. On the other hand, Fu and Kane argued in the appendix of Phys. Rev. B 74, 195312 that the extra term corresponds to the pump of 2P I . In this subsection, we show using the expression of the 2D Z 2 invariant as a time-reversal polarization pump that the invariant changes when a 3D Weyl points pass through it on a EBZ. This proof will clarify why is it possible to calculate the change of 2D Z 2 invariant from the Berry flux jump within a EBZ.
Consider the the Brillouin zone of a time-reversal invariant system as in Fig. S3-(a,b) . C 2z symmetry is not assumed. The Blue balls are Weyl points with positive chirality. The orange sheet is a deformed 2D time-reversal invariant sub-BZ sharing the same EBZ boundary with the k z = 0 plane. The k z = 0, k y = ±π lines are also common. Weyl points did not pass through the k z = 0 plane yet. After Weyl points cross, the orange sheet can be adiabatically deformed to k z = 0 plane. Thus the difference of the Z 2 invariant between the orange sheet and k z = 0 plane gives the change of Z 2 invariant under the crossing procedure.
Let us choose a continuous gauge for each 2D BZ. It is always possible because they are gapped time-reversal invariant 2D BZ with vanishing Chern number. Then the time-reversal polarization is well defined, and the Z 2 invariant is expressed as
wheren is a unit vector normal to the 2D surface dS, and we used P ρ (π) − P ρ (0) = 1 2π EBZ F for a continuous gauge. While it is possible to choose a continuous gauge in each 2D BZ, there should be a discrete transition between them since Weyl points are enclosed by the sheets. Let us call the gauge in the orange sheet and k z = 0 plane as north and south, respectively (Fig. S3-(c) ). The difference of Z 2 invariant is
where we used the mod 2 invariant of 2P I under the discrete gauge transformation, i.e., the transition function, in the second line, and used the definition of the chirality of Weyl points in the last line. To demonstrate the unconventional topological phase transition, we construct a simple model Hamiltonian, a modified Kane-Mele model on the honeycomb lattice. Consider
where t ij = t is the nearest neighbor hopping amplitude and λ SO is the spin-dependent hopping between next nearest neighbor sites. These two terms define the usual KaneMele Hamiltonian describing a QSHI. 
withd ij = d ij /|d ij | induced by the substrate or electric field breaking inversion symmetry. As shown in Ref. 13 , QSHI persists when λ R < 2 √ 3λ SO whereas a semimetal with quadratic band crossing appears when λ R > 2 √ 3λ SO . Thus one can achieve only an insulator-semimetal transition by varying the ratio λ R /λ SO . In fact, when λ R > 2 √ 3λ SO , the band degeneracy of the semimetal phase is protected by C 3v symmetry of the honeycomb lattice. Therefore to achieve the transition from a QSHI to a normal band insulator, it is necessary to add additional terms breaking C 3v symmetry.
To achieve a topological phase transition, we introduce hopping anisotropy between nearest neighbor sites, which can be induced by applying uniaxial strain [19, 20] . Explicitly, as shown in Fig. S4 (a) , we choose t ij = t 2 for bonds parallel to the y-axis whereas t ij = t 1 for the other two bonds along horizontal zig-zag chains. When t 1 = t 2 , the system has only a two-fold rotation symmetry (C 2z ) about a z-axis passing the mid-point of the bond with hopping amplitude t 2 . We examine the evolution of the band structure varying r ≡ t 2 /t 1 which is tunable by controlling strain. λ R and λ SO are fixed but are chosen to satisfy λ R < 2 √ 3λ SO , which ensures that the system is a QSHI when t 2 = t 1 .
B. Low Energy Analysis Near M Point
Changing the ratio r ≡ t 2 /t 1 , one can observe a gapclosing near the M point. The effective Hamiltonian near the M point is given by
where (q x , q y ) = (
) − (0, π), q = q 2 x + q 2 y , and σ x,y,z (s x,y,z ) are Pauli matrices for sublattice (spin) degrees of freedom. The energy eigenvalue of H(q) is given by
The band gap closes when
are satisfied. The solutions of the coupled equations describe a circle and an ellipse, respectively, both centered at q = 0 in the (q x , q y ) plane. Explicitly, one can find four gap-closing points, each of which describes a 2D Weyl point, when r c1 < r < r c2 where r c1 = 2 − (λ R /4λ SO ) 2 and r c2 = 2 − (λ R /t 1 ) 2 where we assume t 1 > 4λ SO . At the critical point with r c1 (r c2 ), the band gap closes at two points (q x , q y ) = (±λ R /4λ SO , 0) ((q x , q y ) = (0, ±λ R /t 1 )) where each gap-closing point describes an anisotropic Weyl point. Thus, as r increases between two critical points, four Weyl points are created on the q y = 0 line, and then they move along an elliptical trajectory until they are pair-annihilated on the q x = 0 line.
C. Numerical Calculation
The band structure near the M point is described in Fig. S5 (a). To prove that the 2D Weyl semimetal phase mediates a TPT, we should compare the Z 2 invariant ∆ of two insulating phases existing when r < r c1 and when r > r c2 , respectively. For this purpose, we first compute the energy spectrum of a strip structure of the honeycomb lattice having a finite size along one direction while keeping the translational invariance along the other direction. As shown in Fig. S5 (d) , when r < r c1 , one can clearly observe helical edge states localized on the sample boundary, which is absent when r > r c2 . Thus the system is a QSHI (normal insulator) when r < r c1 (r > r c2 ). For further confirmation, we directly compute ∆ numerically. Since inversion symmetry is broken, one cannot use parity eigenvalues to evaluate ∆. Instead we determine ∆ by computing the change of the time-reversal polarization between k x = 0 and k x = π. Since the time-reversal polarization is given by the difference in the Wannier function centers of Kramers pairs, one can determine ∆ by studying how Wannier function centers of Kramers pairs evolve between k x = 0 and k x = π [14, 28] . As shown in Fig. S5 (c), when r < r c1 (r > r c2 ), one can see partner-switching (no partnerswitching) of Wannier functions when k x changes from 0 to π. Since the partner-switching (no partner-switching) between Wannier states indicates the change of the time-reversal polarization by 1 (0), one obtains ∆ = 1 (∆ = 0) when r < r c1 (r > r c2 ).
SI 6. APPLICATION: FEW-LAYER BLACK PHOSPHORUS
Here we propose that the novel TPT mediated by pairannihilation/pair-creation of 2D Weyl points can be observed in few-layer black phosphorus systems under vertical electric field. A recent experiment [33] has shown that the band-gap of this system can be controlled by doping potassium on the surface, thus the insulator-semimetal transition can be realized. As shown in Fig. S6(a) , a black phosphorus is composed of puckered honeycomb layers stacked vertically. For illustration, we construct a k · p theory and a tight-binding Hamiltonian relevant to the bilayer phosphorene. Though we focus on the bilayer system, for convenience, the same idea can be generalized to thicker layered black phosphorus systems. The monolayer case is an exception in which the band gap is not tunable by electric field.
A. Low Energy Effective Hamiltonian near k = 0
Before studying the tight-binding model, we construct a general k · p Hamiltonian at Γ point from symmetry considerations. The low energy Hamiltonian can help understand the physics involved here as the tight-binding model for few-layer black phosphorus is complicated. The symmetry group for a stacked phosphorene is a nonsymmorphic symmetry group isomorphic to D direction, the symmetry operations changing the sign of z are broken so that its point group reduce to {1, M x , M y , C 2z }. The translational part of nonsymmorphic group elements is neglected here because the representation of nonsymmorphic group at Γ behaves like a representation of its symmorphic part . Only (glide) mirror symmetries will be considered be-
Consider the most general two-level Hamiltonian of a spinless system.
where σ 0 = 1, and σ x,y,z are Pauli matrices for orbital degrees of freedom. The chemical potential g 0 will be neglected below as it is not important for gap closing. In
Because M x and H 0 commute on the M x -invariant line with k x = 0, we can choose a basis in which they are diagonalized simultaneously. In such a basis M x = σ 0 or σ z . For M x = σ 0 , Hamiltonian is even in k x . However, few-layer black phosphorus has linearly dispersing Dirac points on the line k x = 0 when bands are inverted by applying an out-ofplane electric field [34] , which we demonstrate using a tightbinding model below. M x = σ z is thus appropriate for our system. M x symmetry conditions for the representation are
Mirror operator M y is represented by σ 0 or σ z since it should commute with M x . First, consider M y = σ z . The
Combining the constraints from M x and M y symmetries, we have g x,y (k x , k y ) = g x,y (−k x , −k y ) and
). The Hamiltonian compatible with the given symmetry representation is
y )σ z up to quadratic order in momenta when T = K and T = σ z K, respectively. In both cases, band gap can close only at the Γ point, which is different from our system. Thus, we should take M y = σ 0 . M y symmetry then imposes
The combination of M x and M y symmetry constraints gives
. We have determined the representation of the symmetry operators as
and the Hamiltonian constrained by symmetries above are
up to quadratic order in momenta, and A, M , B 1 , and B 2 are constants. Gap closes at (k x , k y ) = (0, ± M/B 2 ) for positive M/B 2 . M can be shifted by applying uniform perpendicular electric field to drive the insulator-semimetal transition. Now we include spin degrees of freedom. The spinless Hamiltonian H 0 trivially extends to a 4 × 4 matrix, i.e., H 0 → s 0 ⊗ H 0 where s 0 is the 2 × 2 identity matrix for spin degrees of freedom. The most general spin-orbit coupled Hamiltonian is constructed by imposing the following symmetries
where s x,y,z are spin Pauli matrices. We first impose spacetime inversion symmetry
Seven matrices s y σ y , s z σ x , s y σ z , s x σ z , s x , s y , and s x σ y which are commuting with I ST are basic building blocks of the spin-orbit coupled Hamiltonian. M x and M y mirror symmetries determine the parity of functions multiplied by the seven matrices. The spin-orbit coupled part of Hamiltonian is then
up to first order in momenta. Since the spin-orbit coupling parameters are small in black phosphorus, the effect of the terms which are second order in momentum is not considered here, unlike the case of the spinless Hamiltonian. The spin-orbit couplings can change the normal insulator-Dirac semimetal transition of the spinless system into the normal insulatorWeyl semimetal-quantum spin Hall insulator transition. We first discuss how each term affects Dirac points. Among the terms, λ 2 k y s z σ x is the only term which anti-commutes with the spinless Hamiltonian H 0 .
Thus it can open a band gap when a Dirac point is at k y = k 0 = 0 like a mass term. Other terms either split a Dirac point into two symmetry-protected Weyl points or induce velocity anisotropy between two Weyl points consisting of a Dirac point, but they do not open a band gap. λ 1 , λ 3 , and λ 5 term split a Dirac point in k x , k y , and energy-direction, respectively. λ 4 and λ 6 induces velocity anisotropy between two Weyl points sitting at the same momentum. Different spin-orbit coupling terms compete with each other, and the dominant term determines the fate of Dirac points. This consideration shows that the topological phase transition from a Weyl semimetal to a quantum spin Hall insulating phase occur when λ 2 k y s z σ x term becomes dominant over other terms. Below let us suppose that λ 2 is larger than other momentum dependent spin-orbit terms λ 3,4,5,6 . Then the resulting Hamiltonian which captures the leading effect of spin-orbit couplings is given by
This Hamiltonian can be diagonalized analytically as
The band gap closes at momenta satisfying
As M is varied, four Weyl points can appear because the number of intersection points of two conical sections is four in general. At critical values
we have two gap closing points with linear-quadratic dispersion (anisotropic Dirac points) at (k x , k y ) = (±λ 1 /A, 0) and (k x , k y ) = (±λ 1 /λ 2 , 0), respectively. When other spin-orbit couplings are included, the trajectory of Weyl points is deformed, but one can still observe a NI-WSM-QSHI transition as long as λ 2 > λ 3,4,5,6 .
B. Tight-Binding Model
We first neglect spin-orbit coupling and treat electrons as spinless fermions. The relevant Hamiltonian is
where the intralayer hopping amplitudes t 1 = −1.220 eV, t 2 = 3.665 eV, t 3 = −0.205 eV, t 4 = −0.105 eV, t 5 = −0.055 eV, and interlayer amplitudes t 1 = 0.295 eV, t 2 = 0.273 eV, t 3 = −0.151 eV, t 4 = −0.091 eV as given in Ref. 21 . The definition of hopping amplitudes is described in Fig. S6(a) . Applied electric field induces the potential difference between layers. For convenience, we assume uniform increase of the on-site potential along the vertical direction. Namely, the potential difference between two sublayers within a single monolayer and also that between neighboring monolayers are taken to be E eff a z /2. E eff = E ext / r is the effective electric field including screening effect, where E ext is the external electric field, and r is the average relative permittivity. We take the value r = 2.9 following Ref. 22 , and assume that the same value can be used also for WSM and QSHI phases. At the critical strength of electric field, a band inversion happens at the Γ point, which generates two Weyl points aligned on the k y axis [See Fig. S6(d) ]. The resulting Weyl points are protected by I ST as discussed before. Since the Weyl points are on the ΓY line, its stability can also be understood by comparing the glide mirror G x eigenvalues [30] . Including spin degrees of freedom, each gap-closing point becomes four-fold degenerate, thus it can be considered as a Dirac point. Now let us include spin-orbit coupling. Microscopic one particle spin-orbit coupling term is V so = 4m 2 e c 2 (∇V × p) · s where s indicates Pauli matrices describing spin degrees of freedom. When we construct a tight-binding Hamiltonian, p is treated as p ∝ −id ij with d ij = r i − r j , and the terms associated with ∇ ⊥ V and ∇ V are distinguished. The resulting Hamiltonian is
where λ k SO and ν k ij denote the magnitude and the sign of
The detailed form of the Hamiltonian is constrained by G x , M y and T symmetries. Within a layer, we have one parameter λ y SO2 due to in-plane field for 2-3 and 1-4 bonds, and three parameters λ R1 ,λ R1 , and λ R2 result from the ouf-of-plane field for 1-2, 3-4, and 2-3 and 4-1 bonds, respectively. To describe the WSM-QSHI transition, we include four interlayer spin-orbit coupling parameters λ
, and λ R1 resulting from the interlayer hopping between the site 1 and 4. The magnitude of interlayer spin-orbit coupling is smaller than that of the intralayer one in the lattice model, but their effects on low-energy bands are comparable because the states associated with conduction and valence bands are localized near the bottom and top layers, respectively. Although the inversion breaking spin-orbit coupling terms may change depending on E ext , they are treated as constants since we are focusing on the region near the critical electric field E c1 or E c2 . Fig. S7(a) shows the evolution of the band structure across the TPT induced by perpendicular electric field E ext . At the critical strength of electric field E c1 , the band gap closes at two points on the x-axis unlike the spinless case where band gap closes only at the Γ point. Each gap-closing point at E ext = E c1 splits into two 2D Weyl points as E ext increases further, thus the system has four Weyl points in total [34] . Since I ST symmetry protects each Weyl point, the semimetal with four Weyl points can form a stable phase. Moreover, as the strength of E ext increases further, four Weyl points approach k y axis and merge pair-wise again at E c2 leading to another gapped phase. As shown before, the partner switching between Weyl point pairs in the intermediate semimetal phase leads to the jump of the Z 2 invariant. To confirm the Z 2 non-triviality of the gapped phase when E ext > E c2 , we compute the energy spectrum of a slab structure with finite length and also the evolution of the Wannier function centers. Fig. S7(c) clearly shows the presence of helical edge states on the boundary of the slab. Moreover, Fig. S7(d) shows that the Wannier centers cross the reference line (the dotted line in the figure) odd number of times, which confirms that the resulting gapped phase is a quantum spin Hall insulator.
C. Numerical Confirmation of the Topological Phase Transition

D. Critical Field vs sz-Dependent Spin-Orbit Interaction
Up to now, we have assumed λ z SO much larger than any other spin-orbit coupling constants since it plays a critical role to observe pair-annihilation of Weyl points. Here we discuss what happens if λ z SO becomes smaller. As λ z SO decreases while the other spin-orbit coupling terms are fixed, the critical electric field E c2 becomes larger whereas E c1 remains the same, which is consistent with the analysis of the low energy Hamiltonian. [See Fig. S8(a) .] Let us note that the value of E c2 shows a discontinuous jump at around λ z SO ∼10 meV. The sudden jump of E c2 is due to the appearance of additional band crossing points in momentum space at strong electric field above E ext ∼1.3 V/Å. [See Fig. S8(b) .] In order to fully open the band gap by removing all the Weyl points in the Brillouin zone, it is necessary to apply larger electric field. As shown in Fig. S8(c) , the creation and annihilation of the additional Weyl points do not change the topological property of the final insulating state. It is also consistent with our general theory because the additional Weyl points cross a time-reversal invariant 1D line two times so that Z 2 invariant does not changes mod 2.
E. Layer Number Dependence of the Critical Electric Field
We examine the layer number dependence of the critical electric field by using the same parameters for the Hamiltonian as in Sec. SI 6 B. For n lay < 8, we have found a similar sequence of phase transitions between NI-WSM-QSHI. Weaker critical field is required as the layer number increases as shown in figure S8(d) , which happens since the band gap decreases as the number of layers increases.
On the other hand, when n lay ≥ 8, although the NI-WSM transition accompanied by pair-creation of Weyl points happens as in the case with n lay < 8, the pair-annihilation of Weyl points on the k y -axis does not happen. Instead, the Weyl points merged on the k y axis split again along the k y axis, thus we again observe the Weyl semimetal with four Weyl points on the k y axis. This behavior of Weyl points can be explained by using our low energy Hamiltonian in the following way. Suppose that the effective spin-orbit coupling parameter, λ 2 , which induces the gap opening and thus are associated with λ z SO , gets smaller as the number of layers increases while the other spin-orbit coupling terms are fixed. When λ 3,4,5,6 get much bigger than λ 2 , one can easily see that the gap-closing point at which Weyl points merge splits into Weyl points again.
One can understand intuitively the decrease of λ 2 as the layer number increases as follows. Let us note that the term λ 2 k y s z σ x in the low energy Hamiltonian is off-diagonal with respect to the orbital degrees of freedom. Since the states near conduction band minimum and the valence band maximum are localized at the bottom and top layers, respectively, λ 2 is large when the top and bottom layers are strongly coupled. The effective coupling λ 2 is relatively larger for the bilayer as the coupling to the spin z-component comes from the interlayer hopping which directly couples the top and bottom layers, and it decreases with increasing the number of layers. Other effective spin-orbit coupled terms other than λ 1 s y σ y and λ 2 k y s z σ x are diagonal with respect to orbital degrees of freedom, thus their magnitude does not strongly depend on the layer number. In this section, we describe the topological phase transition of HgTe/CdTe heterostructure in the presence of uniaxial strain. The band gap can be controlled not only by adjusting the number of HgTe layers in the HgTe/CdTe quantum well as proposed by Bernevig et al. [25] but also by applying strain [23] . Since strain is a continuous parameter unlike the number of layers, it is a good control parameter to observe the Weyl semimetal phase whose parametric region is small.
In momentum space,
where σ i and s i are Pauli matrices for orbital and spin degrees of freedom, respectively. Notice that this form of Hamiltonian is the matrix transpose of that presented in Ref. 25 . It is because we define matrix elements of Hamiltonian as h nm = n|h|m here whereas h nm = m|h|n in Ref. 25 .
The Hamiltonian h 0 and h t are symmetric under inversion P = σ z . To correctly take into account the real crystal structure of the material, we include an on-site spin-orbit coupling which breaks inversion symmetry.
It is the only on-site spin-orbit coupling term which respects symmetries under
In the main text, we showed the emergence of eight Weyl points in the process of phase transition from normal to topological insulating phase using the Hamiltonian h 0 + h t + h 1 . When S 4z symmetry is broken, four rather than eight Weyl points will appear generically. We now consider the effect of strain to break S 4z symmetry down to C 2z = S 2 4z symmetry. The Hamiltonian in momentum space is given by
where
(S70)
B. Low-Energy Hamiltonian
Near the Γ point, the effective Hamiltonian up to quadratic order in momentum is
The energy spectrum is given by
Let us assume that M can be taken as a control parameter. Band gap can be closed at four points if
The critical values of M are ) are high-symmetric points. As r increases, the Dirac points at K and K moves toward M and the band gap opens via a pair-annihilation of Dirac points at M . (c) The band structure in the presence of Rashba spin-orbit coupling near a Dirac point at r = 1.6. The Dirac point with four-fold degeneracy splits into two Weyl points with two-fold degeneracy. We use the relative permittivity r =2.9, 3.5, 4.1, 4.5, 4.9, and 5.2 for n lay =2, 3, 4, 5, 6, and 7, respectively. In both (a) and (d), when electric field becomes larger than Ec2, additional gap-closing and associated TPT can occur since the band structure can be largely modified due to electric field. 
